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ABSTRACT
We find multiple relations between extremal black holes in string theory and 2- and 3-
qubit systems in quantum information theory. We show that the entropy of the axion-dilaton
extremal black hole is related to the concurrence of a 2-qubit state, whereas the entropy of the
STU black holes, BPS as well as non-BPS, is related to the 3-tangle of a 3-qubit state. We relate
the 3-qubit states with the string theory states with some number of D-branes. We identify a
set of “large” black holes with the maximally entangled GHZ-class of states and “small” black
holes with separable, bipartite and W states. We sort out the relation between 3-qubit states,
twistors, octonions, and black holes. We give a simple expression for the entropy and the area
of stretched horizon of “small” black holes in terms of a norm and 2-tangles of a 3-qubit system.
Finally, we show that the most general expression for the black hole and black ring entropy in
N=8 supergravity/M-theory, which is given by the famous quartic Cartan E7(7) invariant, can
be reduced to Cayley’s hyperdeterminant describing the 3-tangle of a 3-qubit state.
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1 Introduction
During the last 15 years there was a significant progress in two different fields of knowledge: a
description of black holes in string theory and the theory of quantum information and quantum
computing. At the first glance these two subjects may seem quite distant from each other.
However, there are some general themes, such as entanglement, information and entropy, which
repeatedly appear both in the theory of black holes and in the theory of quantum information.
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Studies of stringy black holes began with a discovery of a broad class of new extremal black
hole solutions [1], investigation of their supersymmetry [2], a discovery of the black hole attractor
mechanism [3], and the microscopic calculation of black hole entropy [4]. Investigation of stringy
black holes resulted in a better understanding of the information loss paradox in the theory of
black holes, revealed nonperturbative symmetries between different versions of string theory,
and stimulated what is now called “the second string theory revolution” [5, 6, 7]. For reviews
on stringy black holes see [8]. On the other hand, there were many exciting developments
in the theory of quantum computation, quantum cryptography, quantum cloning, quantum
teleportation, classification of entangled states and investigation of a measure of entanglement
in the context of the quantum information theory; for a review see e.g. [9]. It would be quite
useful to find some links between these different sets of results.
One of the first steps in this direction was made in a recent paper by Michael Duff [10]. He
discovered that a complicated expression for the entropy of the so-called extremal STU black
holes1 obtained in [12] can be represented in a very compact way as Cayley’s hyperdeterminant
[13], which appears in the theory of quantum information in the calculation of the measure of
entanglement of the 3-qubit system (3-tangle) [14, 15]. The STU black holes represent a broad
class of classical solutions of the effective supergravity derived from string theory in [16].
As emphasized in [10], the intriguing relation between STU extremal black holes and 3-
qubit systems in quantum information theory may be coincidental. It may be explained, e.g.,
by the fact that both theories have the same underlying symmetry. At the level of classical
supergravity the symmetry of extremal STU black holes is [SL(2,R)]3. This symmetry may be
broken down to [SL(2,Z)]3 by quantum corrections or by the requirement that the electric and
magnetic charges have to be quantized. In string theory a consistent microscopic description
of the extremal black holes requires [SL(2,Z)]3 symmetry. In ABC system the symmetry is
[SL(2,C)]3.
But even if the relation between the STU black holes and the 3-qubit system boils down to
their underlying symmetry, this fact by itself can be quite useful. It may allow us to obtain new
classes of black hole solutions and provide their interpretation based on the general formalism
of quantum information. It may also provide us with an extremely nontrivial playground for
testing the general ideas of the theory of quantum information. It would be very interesting to
see how the puzzles and paradoxes associated with black holes may be related to the puzzles
and paradoxes of the quantum information theory.
In this paper we will pursue a detailed analysis of the relations between the structures
which appear in the theory of extremal black holes and in the theory of quantum information.
In Section 2 we will describe some basic facts about general 2- and 3-qubit systems (for the
hep-th reader unfamiliar with these concepts). In Section 3 we will discuss the relation between
the 2-qubit systems [17] and the axion-dilaton black holes of [18]. We will also describe the
relation between the 3-qubit systems and STU black holes represented as string theory states
with some number of D0, D2, D4 and D6 branes. This description is known to provide a
1The explicit construction of BPS black holes with four-charges and a finite area of the horizon within D=4
N=4 toroidally compactified string theory was obtained in [11]. This solution has an embedding as a generating
solution in the STU model.
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microscopic entropy via counting of states of string theory [19, 20]. This microscopic entropy
coincides with the macroscopic Hawking-Bekenstein entropy (quarter of the area of the horizon)
of the STU black holes at large values of charges/branes. Section 4 gives a dictionary between a
particular (S|TU) basis of STU black holes and the twistor geometry used in the description of
the 3-qubit system in [21]. In Section 5 we find a one-to-one correspondence between the states
of 3-qubit systems classified in [22] and black holes in string theory. In Section 6 we observe
an intriguing relation between the value of the subsystem entanglement and the value of the
quantum corrected entropy of the so-called “small” black holes. These black holes in a classical
approximation have zero entropy and a singular horizon, but acquire a non-zero entropy and
horizon area after quantum corrections [23, 24, 25]. We give a simple expression for the entropy
of “small” black holes in terms of 2-tangles of a 3-qubit system and its norm. Finally, in Section
7 we show that not only the entropy of the STU black holes, but the most general expression
for the black hole and black ring entropy in N=8 supergravity/M-theory, given by the famous
Cartan E7(7) invariant [26], can also be represented as Cayley’s hyperdeterminant describing
the 3-tangle of a 3-qubit state. This, in turn, provides a natural link between the 3-qubit states
and octonions.
2 Qubits and a measure of entanglement
Let us bring up several most important definitions from quantum information theory, which
will be required to understand the correspondence between the language of string theory black
holes and the language of the quantum information theory.
Quantum entanglement is a quantum mechanical phenomenon in which the quantum states
of two or more objects have to be described with reference to each other.
A quantum bit, or qubit is a smallest unit of quantum information. That information
is described by a state in a 2-level quantum mechanical system. The two basis states are
conventionally written as |0〉 and |1〉. A pure qubit state is a linear quantum superposition of
those two states. This means that each qubit can be represented as a linear combination of |0〉
and |1〉:
|Ψ〉 = ψ0|0〉+ ψ1|1〉 , (2.1)
where ψ0 and ψ0 are complex probability amplitudes of finding the system in a particular state
when one makes measurements. This leads to a normalization condition
|Ψ|2 = 〈Ψ|Ψ〉 =
∑
i
|ψi|2 = |ψ0|2 + |ψ1|2 = 1 . (2.2)
A 1-qubit system usually goes by the name A (Alice).
For a 2-qubit state AB (Alice and Bob) one has
|Ψ〉 = ψ00|00〉+ ψ01|01〉+ ψ10|10〉+ ψ11|11〉 , (2.3)
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with the corresponding normalization condition, 〈Ψ|Ψ〉 = 1. One can introduce a partial density
matrix, a trace over the subsystem A, ρA = TrB|ψ〉〈ψ|, and the same for B. For a pure state,
entanglement E is defined as the entropy of either of the two subsystems
E(ψ) = −Tr(ρA log2 ρA) = −Tr(ρB log2 ρB) . (2.4)
This is von Neumann entropy of a quantum state. The properties of an AB system are also de-
termined by the so-called concurrence C, which is a measure of the entanglement. Concurrence
of the 2-qubit AB system in a pure state can be given as
C = CAB = 2
√
det ρA = 2
√
det ρB = 2|detψ| . (2.5)
These two measures of entanglement are related to each other [17]:
E(C(ψ)) = −1 +
√
1− C2
2
log2
1 +
√
1− C2
2
− 1−
√
1− C2
2
log2
1−√1− C2
2
. (2.6)
The function E(C) is monotonically increasing, and ranges from 0 to 1 as C goes from 0 to 1.
For a mixed state of the AB system concurrence is more complicated. For our purposes we
will need to define the concurrence of a particular AB state inside of a pure 3-qubit state.
The 3-qubit system ABC (Alice, Bob and Charlie) in turn is given by the normalized wave
function
|Ψ〉 =
∑
ijk=1,0
ψijk|ijk〉 = ψ000|000〉+ ψ001|001〉+ ψ010|010〉+ ψ011|011〉
+ ψ100|100〉+ ψ101|101〉+ ψ110|110〉+ ψ111|111〉 . (2.7)
A 3-dimensional matrix corresponding to the 3-qubit system can be represented as a cube with
vertices corresponding to ψijk, see Fig. 1.
The 3-qubit system ψijk has an invariant, Cayley’s hyperdeterminant [13] defined as
2
Det ψ = −1
2
ǫii
′
ǫjj
′
ǫkk
′
ǫmm
′
ǫnn
′
ǫpp
′
ψijkψi′j′mψnpk′ψn′p′m′
= ψ2000ψ
2
111 + ψ
2
001ψ
2
110 + ψ
2
010ψ
2
101 + ψ
2
100ψ
2
011
− 2(ψ000ψ001ψ110ψ111 + ψ000ψ010ψ101ψ111
+ ψ000ψ100ψ011ψ111 + ψ001ψ010ψ101ψ110
+ ψ001ψ100ψ011ψ110 + ψ010ψ100ψ011ψ101)
+ 4(ψ000ψ011ψ101ψ110 + ψ001ψ010ψ100ψ111) . (2.8)
The 3-tangle of the ABC system as shown in [14] is given by
τABC = 4 |Det ψ| . (2.9)
2In this paper we will always write the usual determinant of a matrix ψij as detψ, and the hyperdeterminant
of a matrix ψijk as Detψ.
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Figure 1: The 2× 2× 2 matrix corresponding to the quantum state (2.7).
When the wave function is normalized, 〈Ψ|Ψ〉 = 1, the 3-tangle τABC is also normalized to take
values in the range from 0 to 1.
An important tool in describing 3-qubit states is a reduced density matrix. For example,
ρA = TrBC |Ψ〉〈Ψ| , SA = 4 det ρA ≡ τA(BC) , (2.10)
where ρA is a 2×2 matrix. SA is sometimes called local entropy, it is a measure of how entangled
A is with the pair (BC). The three way tangle τABC consists of three contributions [14]:
τABC = τA(BC) − τAB − τAC . (2.11)
Each term in eq. (2.11) is a particular contraction of the 4 terms ψijk with each other
and with some number of totally antisymmetric 2-component ǫij tensor. It was shown in [14]
that the first term τA(BC), which is a tangle between Alice with Bob-and-Charlie system, is a
square of the concurrence in A(BC) system: τA(BC) = C2A(BC). The second term, τAB = C2AB,
which is called a 2-tangle between Alice and Bob in the 3-cubit system ABC, is a square of the
concurrence in AB system inside the ABC, CAB will be defined below in eq. (2.16). Finally,
the third one τAC = C2AC is the 2-tangle between Alice and Charlie in ABC; it is a square of the
concurrence of the AC system inside ABC, CAC will be defined below in eq. (2.17). Eq. (2.11)
and its analogues obtained by permutations of A, B and C, can be represented in the form [14]
τABC = C2A(BC) − C2AB − C2AC , (2.12)
τABC = C2B(CA) − C2BC − C2BA , (2.13)
τABC = C2C(BA) − C2CB − C2CA . (2.14)
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Here
C2A(BC) = 4 det ρA , C2B(AC) = 4 det ρB , C2C(AB) = 4 det ρC , (2.15)
is a squared concurrence between A and the pair BC, B and the pair AC, C and the pair
AB, respectively. One can also define the concurrence of AB inside ABC in terms of various
combinations of ψijk.
CAB =
(
det ρC − det ρA − det ρB − 1
2
τABC
)1/2
, (2.16)
CAC =
(
det ρB − det ρA − det ρC − 1
2
τABC
)1/2
, (2.17)
CBC =
(
det ρA − det ρB − det ρC − 1
2
τABC
)1/2
. (2.18)
In eqs. (2.11)-(2.18) each term scales under the rescaling of ψijk homogeneously. Thus they
are valid not only for the usual normalized vectors, satisfying the condition 〈Ψ|Ψ〉 = 1, but also
for vectors with arbitrary norm
|Ψ| ≡
√
〈Ψ|Ψ〉 6= 1 . (2.19)
One may try to interpret |Ψ|2 6= 1 as measuring a number density rather than a probability
density. One may also notice that
|Ψ|2 ≡ ρ ≡ TrABC |Ψ〉〈Ψ| (2.20)
and
ρ = TrAρA = TrBρB = TrCρC 6= 1 . (2.21)
The difference between normalized and unnormalized vectors plays a significant role in our
subsequent analysis because we are going to use the concepts of the 2-tangle and 3-tangle not
for the calculation of probabilities in quantum mechanics, but for the calculation of black hole
entropy, which can be much greater than 1. In what follows we will discuss general states with
norm |Ψ| 6= 1, and in the calculations of such objects as the 3-tangle or Cayley’s hyperde-
terminant we will use the states |Ψ〉 (2.7) without imposing any normalization constraints on
ψijk.
3 Black holes in supergravity, string theory and ABC
system
3.1 Axion-dilaton extremal black holes and concurrence of a 2-qubit
system
As a warm up to STU black holes-3-qubits relation we start with a simpler case of the so-called
axion-dilaton black hole solutions with manifest SL(2, Z)-symmetry in [18] and display their
relation to a 2-qubit system. In the case of N=2 supergravity with one vector multiplet in a
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version without a prepotential the double-extremal axion-dilaton black holes were constructed
in [18, 27]. The double-extreme black holes solve the attractor equations [3] for the scalars and
have everywhere constant scalars. The set of electric and magnetic charges is (p0, p1, q0, q1),
and the entropy formula is given by the following SL(2,Z)-invariant expression
S
π
= |p0q1 − q0p1| . (3.1)
If we identify the charges with the components of a 2× 2-matrix ψij

p0
p1
q1
q0

 =


ψ00
ψ01
ψ10
ψ11

 , (3.2)
the entropy formula is proportional to the concurrence of a 2-qubit system:
S = π|detψ| = π
2
C , ψ =
(
p0 p1
q1 q0
)
=
(
ψ00 ψ01
ψ10 ψ11
)
. (3.3)
Thus we have identified the features in the axion-dilaton black holes with some analogous
features in a 2-qubit system AB in a pure state. In particular, the entropy formula for ar-
bitrary integer charges is equal to the concurrence C of the 2-qubit system described by the
unnormalized vector in eq. (2.5).
3.2 STU black holes and 3-qubits
Consider type IIA string theory compactified on a Calabi-Yau space in presence of D0, D2, D4
and D6 branes. The corresponding effective N=2 supergravity is described by N=2 gravitational
multiplet and 3 vector multiplets. First we consider the simplest version of supergravity with
the prepotential F = STU . The electric and magnetic charges of the graviphoton are denoted
by (p0, q0), and the ones for the 3 vector multiplets are (p
1, q1), (p
2, q2), (p
3, q3) respectively.
These supergravity charges are known to originate from the number of D0, D2, D4 and D6
branes as follows: the number n
D0
of D0 branes is q0, the numbers kD2, mD2, lD2 of D2 branes
wrapped on 3 2-cycles are q1, q2, q3 respectively. The numbers kD4, mD4, lD4 of D4 branes
wrapped on 3 4-cycles, dual to the relevant 2 cycles are p1, p2, p3 and the number of D6 branes
is p0. Negative number of branes corresponds to a positive number of anti-branes of the same
kind.
Following Ref. [10], we can associate all magnetic charges with the presence of 1’s in the
ABC system according to a simple rule illustrated by Eq. (3.5). The state with the magnetic
charge p0 is the state |000〉 which has zero number of 1’s. The state with charge p1 corresponds
to |001〉, which has 1 in the first position; p2 corresponds to |010〉, which has 1 in the second
position; p3 corresponds to |100〉, which has 1 in the third position. (We count positions from
the right to the left.) We associate electric charges with the presence of 0’s in the ABC system.
Thus the state q0 corresponds to |111〉, which has no 0’s; q1, the state |110〉, has 0 in the first
8
Figure 2: The 2× 2× 2 matrix corresponding to supergravity black holes [12].
position; q2, the state |101〉, has 0 in the second position; q3, the state |011〉, has 0 in the
third position. The signs are not explained by this rule, however, they have to be taken in a
way so that the black hole entropy is an [SL(2,Z)]3-invariant for integer charges and is defined
by the properties of the ABC system. The explanation of signs is actually coming from the
corresponding cube in p, q variables given in Fig. 2 which was presented in [12].
All S-, T- and U-dualities in this basis are non-perturbative. However, one can switch to a
different basis by performing an Sp(8,Z) transformations which transforms both the symplectic
section (X,F ) as well as the charges (p, q), e. g.
(
pΛ
qΛ
)′
=
(
A B
C D
) (
pΛ
qΛ
)
(3.4)
with ATC − CTA = BTD − DTB = 0 and ATD − CTB = 1. In manifestly STU-symmetric
version we have
Supergravity


p0
p1
p2
p3
q0
q1
q2
q3


=
ABC


ψ000
−ψ001
−ψ010
−ψ100
ψ111
ψ110
ψ101
ψ011


=
String Theory


n
D6
k
D4
m
D4
l
D4
n
D0
k
D2
m
D2
l
D2


(3.5)
It is important to stress here that the cubes, according to Fig. 1 as well as Fig. 2 have 3
magnetic and one electric charge in upper 4 corners, and 3 electric and one magnetic charge in
lower 4 corners.
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To associate these charges/numbers of branes with the elements of the ψijk matrix one has
to keep in mind that the entropy and the absolute value of the hyperdeterminant are invariant
under the [SL(2,Z)]3 subgroup of the symplectic Sp(8,Z) transformations. We may go to
an (S|TU) or (T |US) or (U |ST ) basis in which one of the duality transformations becomes
perturbative and does not mix electric and magnetic charges. In this case either S or T or U
direction becomes different from other two directions. Here are three possible options for (p, q)′
which one can get by returning to the symmetric STU basis:
• STU → (S|TU)→ STU
Supergravity


d p0 + c p1
b p0 + a p1
d p2 + c q3
d p3 + c q2
a q0 − b q1
−c q0 + d q1
b p3 + a q2
b p2 + a q3


=
ABC


α000
−α001
−α010
−α100
α111
α110
α101
α011


=
String Theory


d n
D6
+ c k
D4
b n
D6
+ a k
D4
dm
D4
+ c l
D2
d l
D4
+ cm
D2
a n
D0
− b k
D2
−c n
D0
+ d k
D2
b l
D4
+ am
D2
bm
D4
+ a l
D2


(3.6)
• STU → (T |US)→ STU
Supergravity


d p0 + c p2
d p1 + c q3
b p0 + a p
2
d p3 + c q1
a q0 − b q2
b p3 + a q1
−c q0 + d q2
b p1 + a q3


=
ABC


β000
−β001
−β010
−β100
β111
β110
β101
β011


=
String Theory


d n
D6
+ cm
D4
d k
D4
+ c l
D2
b n
D6
+ am
D4
d l
D4
+ c k
D2
a n
D0
− bm
D2
b l
D4
+ a k
D2
−c n
D0
+ dm
D2
b k
D4
+ a l
D2


(3.7)
• STU → (U |ST )→ STU
Supergravity


d p0 + c p3
d p1 + c q2
d p2 + c q1
b p0 + a p3
a q0 − b q3
b p2 + a q1
b p1 + a q2
−c q0 + d q3


=
ABC


γ000
−γ001
−γ010
−γ100
γ111
γ110
γ101
γ011


=
String Theory


d n
D6
+ c l
D4
d k
D4
+ cm
D2
dm
D4
+ c k
D2
b n
D6
+ a l
D4
a n
D0
− b l
D2
bm
D4
+ a k
D2
b k
D4
+ am
D2
−c n
D0
+ d l
D2


(3.8)
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According to [12], the black hole entropy of BPS black holes is given by
S
π
=
(
W (pΛ, qΛ)
)1/2
, (3.9)
where
W (pΛ, qΛ) = −(p · q)2 + 4
(
(p1q1)(p
2q2) + (p
1q1)(p
3q3) + (p
3q3)(p
2q2)
)− 4p0q1q2q3 + 4q0p1p2p3
(3.10)
and
p · q = (p0q0) + (p1q1) + (p2q2) + (p3q3) . (3.11)
The function W (pΛ, qΛ) is symmetric under transformations: p
1 ↔ p2 ↔ p3 and q1 ↔ q2 ↔ q3
and we have to require that W > 0. In addition to these symmetries, one can also replace each
pΛ and qΛ in the expression (3.10) for W by the combinations of p
Λ and qΛ shown in the first
column in eqs. (3.6) or (3.7) or (3.8).
As pointed out in [10], the classical expression for the entropy of the STU black holes
W (pΛ, qΛ) (3.10) can be represented in a very beautiful form:
SBPS = π
√
W =
π
2
√
−Det ψ , Det ψ < 0 , (3.12)
where Det ψ is the Cayley’s hyperdeterminant of the unnormalized vector with components ψijk
related to pΛ and qΛ by Eq. (3.5). The BPS black hole entropy condition W
BPS > 0 requires
the related Cayley’s hyperdeterminant to be negative.
Recently the entropy of some examples of extremal non-BPS STU black holes have been
calculated in [28], [29]3. We will show in [31] that in general case, the entropy of non-extremal
black holes in STU model is equal to
Snon−BPS = π
√−W = π
√
Det ψ , Det ψ > 0 . (3.13)
Thus we find that in all cases, including BPS and non-BPS, the classical supergravity entropy
formula is
S = π
√
|W (p, q)| = π
√
|Det ψ| = π
2
√
τABC . (3.14)
Here τABC = 4|Det a| determines the three-way entanglement of the three qubits A, B and C,
and ψijk defines an unnormalized vector with the coefficients depending on (p, q), see Eq. (3.5).
Note that because of the [SL(2,Z)]3 invariance, the result of the calculation of the black hole
entropy SBPS does not change if instead of the hyperdeterminant of the matrix ψijk defined in Eq.
(3.5) one uses the hyperdeterminant of the matrix αijk defined in (3.6), or the hyperdeterminant
of the matrix βijk defined in (3.7), or the hyperdeterminant of the matrix γijk defined in (3.8).
3Examples of extremal non-supersymmetric black holes were presented before in N = 8 theory in [30] where
it was shown that the flip of the sign of one of the charges leads from BPS to non-BPS solution.
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In string theory the microscopic entropy of the set of states with some number of branes
was derived in [4] as
log d(p, q) = Smicro(p, q) . (3.15)
Here d(p, q) counts the total number of states for a given set of integers (p, q). In the limit of
large (p, q)
Smicro(p, q)⇒ Smacro(p, q) . (3.16)
For our STU model the specific calculation was performed in [20] in the context of M-
theory which by duality can be related to type IIB string theory with the relation between
(p, q) and the numbers of D0, D2, D4, D6 branes shown in eq. (3.5). Their expression for the
square of the microscopic entropy in addition to the classical expression π2W (pΛ, qΛ), which is
quartic in charges, contained some extra terms quadratic in charges, which come from quantum
corrections. We will come back to a more detailed discussion of these terms later.
The interest to the extremal black holes was enhanced during the last couple of years by
the OSV conjecture [32] about the relation between extremal black holes and topological string
theory, see for example [33] where these recent developments are presented. In these new
developments it was important to differentiate between the so-called “large” and “small” black
holes. The classical black hole entropy equal to 1/4 of the area of the horizon, in the limit of
very large charges when quantum corrections are small is important for defining two different
kinds of extremal black holes which have analogies in definition of classes of states in ABC
systems in quantum information theory.
1. Large black holes, Sclass 6= 0 → entangled GHZ class of states, |Det ψ| 6= 0
2. Small black holes, Sclass = 0 → non-entangled, bipartite and W states, |Det ψ = 0|
We will present more details on GHZ canonical states and GHZ class of states with non-
vanishing 3-tangle, as well as on non-entangled (completely separable), bipartite and W states
with vanishing 3-tangle in Sec. 5. Here we only stress the fact that these two groups are
differentiated by vanishing or non-vanishing 3-tangle which coincides with the vanishing or
non-vanishing area of the horizon of the classical extremal black holes. We used here an expres-
sion Sclass to emphasize that until now we were talking about black holes without taking into
account stringy quantum corrections. With account of these corrections, the classical entropy
formula changes, terms quadratic in charges have to be added to the quartic expression W [20].
Originally there was a discrepancy between the microscopic and macroscopic entropies. After
R2 quantum corrections were included into the supergravity action in [34], the discrepancy
with the microscopic entropy was removed. For large black holes the extra terms provide only
a small correction. However, recently a new class of extremal black holes, “small” black holes,
was identified, for which the quantum corrections play a crucial role. It was found in [23, 24]
that the “small” black holes with Sclass =
Aclass
4
= 0 actually acquire a non-vanishing entropy
and a non-vanishing area of the horizon, Squant =
Aquant
2
6= 0. This phenomenon is known as
a “stringy cloak for the classical singularity.” This is a realization of the idea of a “stretched
black hole horizon” proposed earlier by Susskind and Sen [35], [36].
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Completely separable states, including, e.g., the states with only one (electric or magnetic)
charge, also have a classically vanishing entropy and area of the horizon. Recently it was found
in the context of the Sen’s new entropy function formalism [37] that the R4 type quantum
corrections may lead to a nonvanishing entropy and stretching of the horizon even for such
states [25].
4 Black holes, 3-qubit states and twistors
The form of the STU black holes which we studied above is completely symmetric in STU
variables. This model is described by the prepotential F = X
1X2X3
X0
. The symplectic section
consists of four homogeneous coordinates XΛ, depending on 3 special coordinates S, T, U ,
XΛ = {X0 = 1, X1 = S,X2 = T,X3 = U} and four derivatives of the prepotential, FΛ ≡
∂F
∂XΛ
= {F0 = −STU, F1 = TU, F2 = SU, F3 = ST}.
One can easily switch to the form in which one of the moduli is not on equal footing with
others. In ABC system this would make one of the three friends, say Alice, not on equal
footing with Bob and Charlie. In black hole case we can use a symplectic transformation,
a particular Sp(8,Z) matrix, to transform into a new basis which has no prepotential [38].
In this new basis one of the moduli, say S, is removed from the set of new homogeneous
coordinates, XˆΛ and it shows up only in FˆΛ’s so that the total section is given by hatted
coordinates XˆΛ = 1√
2
{1 − TU,−(T + U),−(1 + TU), (T − U)} and FˆΛ = SηΛΣXˆΣ. Here
ηΛΣ = (++−−). The (S|TU) coordinates now parametrize a coset space SU(1,1)U(1) × SO(2,2)SO(2)×SO(2) .
The metric ηΛΣ = (+ +−−) reflects the manifest SO(2, 2) symmetry.
In the relevant description of the ABC system one can say: Alice was promoted to the status
of the FˆΛ person whereas Bob and Charlie remain the Xˆ
Λ-guys. Or, in an opposite mood one
can say that Alice was excluded from the list of XˆΛ persons and became an FˆΛ person. Either
way, she is not treated on equal footing with Bob and Charlie anymore. The corresponding
transformation also produces the new hatted black hole charges (pˆΛ, qˆΛ). In terms of these
hatted charges our lengthy expression for the entropy given by Eqs. (3.10), (4.4) looks very
simple [12]
Det a = W
(
p(pˆ, qˆ), q(pˆ, qˆ)
)
= pˆ2qˆ2 − (pˆ · qˆ)2 . (4.1)
Here all contractions of the hatted 4-vectors are done with the metric ηΛΣ = (+ + −−), pˆ2 =
pˆΛηΛΣpˆ
Σ = (pˆ1)2 + (pˆ2)2 − (pˆ3)2 − (pˆ4)2, pˆ · qˆ ≡ pˆΛqˆΛ etc. The duality invariant black hole
entropy described by expression in eq. (4.1) for STU black holes was discovered in the context
of N = 4 string theory in [39].
The relevant 3-qubit entanglement in this basis is given by
τABC = 4|Det ψ| = 4|pˆ2qˆ2 − (pˆ · qˆ)2| = 2|PΛΣPΛΣ| = |(P− ∗P) · (P + ∗P)| , (4.2)
where the antisymmetric bivector PΛΣ is defined as follows
PΛΣ ≡ pˆΛqˆΣ − pˆΣqˆΛ , (4.3)
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where ∗P is a dual to P and qˆΛ = ηΛΣqˆΣ.
This construction may be easily compared with the description of the 3-qubit system in the
context of twistor geometry [21]. Indeed, by some operation, closely related to the change of a
basis in the black hole system which requires to put e.g. Alice on non-equal status with Bob
and Charlie, the form of the 3-tangle is obtained in [21]:
τABC = 4|Det ψ| = 4|(Z · Z)(W ·W)− (Z ·W)2| = 2|PµνPµν | , (4.4)
where the bivector
P µν ≡ ZµW ν − ZνW µ , (4.5)
and Z · Z = ZµηµνZν and ηµν = (+ + +−), i. e. each vector Zµ and W µ is a complex vector
in SO(3.1) space.
Twistors associated with null vectors can be defined either in spaces with Minkowski signa-
ture +++− or in spaces with (++−−). The relation between the corresponding 2-component
spinors is the following. For the case of null vectors, ZµEµBC = a0BC , W
µEµBC = a1BC of [21]
one has to take the twistors λAB and λ˜
A
C in aABC = λ
A
Bλ˜
A
C (no summation in A) to be related via
complex conjugation, λ˜ = ±λ¯. In (+ + −−) signature these two twistors λB and λ˜C have to
be completely independent real 2-component objects, since our SO(2, 2) without any complex-
ification is isomorphic to SL(2,R × SL(2,R). This completes the translation from the black
holes in the (S|TU) basis to the twistor form of the 3-qubit ABC system in the (A|BC) basis.
Figure 3: The 2 × 2 × 2 matrix corresponding to twistor picture of a 3-cubit in [21]. The
combination of 4 upper corners forms a 4-vector Z. All lower corners are used to form a
4-vector W .
To make the relation between black holes and 3-qubit states in twistor form clear, let us
look at the pictures. First, we can cut the 3-qubit cube in Fig. 1 by a horizontal surface so
that all upper corners which have 0 in the first position are used for forming a 4-vector Z in
[21]. All lower corners, which have 1 in the first position, are used to form a 4-vector W , see
Fig. 3.
In order to see the relation between black holes and twistors we have to use a cube which
appears after an Sp(8,Z) duality transformation to the hatted basis, see Fig. 4.
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Figure 4: The 2 × 2 × 2 matrix corresponding to supergravity black holes [12] in the hatted
basis, pˆ and qˆ. One has to slice this cube vertically so that the back side is cut from the front
side. In this way we will separate the 4 corners in the front forming a pˆ vector and the 4 corners
in the back forming a qˆ vector.
In the twistor formulation of the 3-qubit system, the classification of the states proceeds
in simple geometric terms related to properties of the Zµ and W µ vectors translated into the
language of the twistor theory. Using our hatted vectors qˆ and pˆ we easily perform an analogous
classification for black holes. Clearly, the cube in Fig. 4 with the vertical slice between front
and back is related to the Fig. 3 after a rotation and renaming the corners.
5 Classification of states of extremal black holes and 3-
qubit states
In ABC systems there are two groups of states, each with subdivisions, see Table 1, where the
values of 3-tangle and local entropies are given [22]. In group A one finds non-entangled product
space (completely separable states) and bipartite entanglement (biseparable states). In group
B of genuine entangled 3-qubit states there are two different classes: W-class and GHZ class.
In this classification only GHZ (Greenberger, Horne, Zeilinger) class of states [40] corresponds
to “large” extremal black holes (i.e. to usual extreme black holes) since τABC =
(
2Sclass
pi
)2
6= 0.
All states except the GHZ state (i.e. completely separable, biseparable and W-class states)
have a vanishing 3-tangle/classical entropy τABC =
(
2Sclass
pi
)2
= 0. All of these may describe
the “small” black holes where “small” is defined by the vanishing area of the horizon of the
classical black hole solution. We will find examples of all such black holes.
There are many ways to classify different states of the 3-qubit system. We found it most
convenient to classify all possible states by discussing several ways to place charges to the
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Class SA SB SC τABC
A-B-C 0 0 0 0
A-BC 0 > 0 > 0 0
B-AC > 0 0 > 0 0
C-AB > 0 > 0 0 0
W > 0 > 0 > 0 0
GHZ > 0 > 0 > 0 > 0
Table 1: Values of the local entropies SA, SB, SC defined in (2.10) and the 3-tangle τABC for
the different classes.
corners of the cube shown in Figs. 1, 2.
5.1 All states with vanishing 3-tangle and vanishing black hole en-
tropy; “small” black holes
For all black holes with vanishing 3-tangle τABC , i.e. with vanishing total black hole entropy,
one has the following relations for the local entropies defined in (2.10):
SA = C2AB + C2AC , (5.1)
SB = C2AB + C2BC , (5.2)
SC = C2CB + C2AC . (5.3)
5.1.1 Non-entangled product space, A-B-C state.
Figure 5: The 2× 2× 2 matrix with all entries vanishing except one, e.g. q0. We show it by a
corner with a circle. This corresponds to a non-entangled completely separable state describing
a black hole with just one charge, q0, with vanishing area of the horizon.
An easy way to see the properties of a completely separable state is by looking at the cube
which has just one corner with a non-vanishing entry. All concurrences are vanishing. As an
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example, we may consider a black hole with just one charge, e.g. q0, with vanishing area of the
horizon and null singularity, see Fig. 5. The corresponding quantum state is |Ψ〉 = q0|111〉, i.e.
ψ111 = q0 in the basis (3.5). For this state one has
SA = SB = SC = 0 , CAB = CAC = CBC = 0 , τABC = 0 . (5.4)
Quantum corrections may stretch the horizon. As a result, this black hole may acquire a
nonzero entropy proportional to
√|q0| =√|Ψ| [25], see Section 6.
Figure 6: The 2 × 2 × 2 matrix with two charges connected to each other by an edge. This
configuration also corresponds to a non-entangled completely separable state describing a black
hole with vanishing area of the horizon, in the classical approximation.
One could also consider a cube with two charges connected to each other by an edge, for
example, q0 and q1, with |Ψ〉 = q0|111〉 + q1|011〉 see Fig. 6. This would also represent a
completely separable state; all corresponding determinants would vanish.
It is instructive to see how the state |Ψ〉 = q0|111〉 looks in the S-basis, in terms of the
S-basis decomposition |Ψ〉 = ∑αijk|ijk〉α. From the dictionary Eq. (3.6) one finds that
|Ψ〉 = q0|111〉 = a q0|111〉α − c q0|110〉α. This state, up to numerical coefficients, coincides with
the state shown in Fig. 6.
Similarly, when we go to the T -basis or U -basis, we will get the states |Ψ〉 = a q0|111〉β −
c q0|101〉β and |Ψ〉 = a q0|111〉γ − c q0|011〉γ. In all of these cases we obtain states described by
the cubes with the charge a q0 in the same position as in Fig. 6 and with a second charge −c qi
connected to it by an edge. All of these cases belong to the same class of completely separable
states.
If one tries to add more charges, or place them differently (i.e. add charges pΛ to an
already existing charge qΛ), one can only produce states that will not be completely separable.
Therefore the simple cube with one entry, Fig. 5, represents the general class of all completely
separable states.
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5.1.2 Bipartite entanglement; A-BC state.
In order to obtain a biseparable state one may consider a cube with two non-vanishing entries
in the opposite corners of one side of the cube so that there is one non-vanishing 2-tangle, for
example τBC . This state shown in Fig. 7 describes a black hole with charges q0 and p
1, which
corresponds to a quantum state |Ψ〉 = −p1|001〉+ q0|111〉 (the signs are due to the translation
between the charges and ψijk, Eq. (3.5)). In this case we have two non-vanishing entanglements
between the 1-qubit and a 2-qubit system (or 2 local entropies).
SA = 0 , (5.5)
SB = C2BC = 4|q0p1|2 6= 0 , (5.6)
SC = C2BC = 4|q0p1|2 6= 0 . (5.7)
Figure 7: The 2 × 2 × 2 matrix with all entries vanishing except two entries on the same side
but in opposite corners. They are shown by circles, one for ψ111 = q0 and one for ψ001 = −p1.
This is the case of the “small” black hole with just 2 charges q0 and p
1 and with classically
vanishing area of the horizon.
This is the “small” black hole with just 2 charges and with classically vanishing entropy and
the area of the horizon [24]. When quantum corrections are included, which lead to quantum
stretching of the horizon, the value of the new area is proportional to the only non-vanishing
concurrence of the BC system inside the ABC system, CBC = 2|q0p1|, see Section 6. It is
also a concurrence CB(AC) = 2|q0p1| between Bob and the system of Alice-Charlie as well as a
concurrence CC(AB) = 2|q0p1| between Charlie and the system of Alice-Bob.
5.1.3 W-class of states
Now let us consider 3 entries in the black hole case: q0, p
1 and p2 charges, as shown in Fig. 8.
This is the state |Ψ〉 = −p1|001〉 − p2|010〉+ q0|111〉. None of the local entropies is vanishing,
however we still have a vanishing 3-tangle and, at the classical level, vanishing entropy and the
area of the horizon [24]. The corresponding black holes may be corrected and the area of the
horizon with account of quantum corrections may depend on q0p
1 and q0p
2. Here again we will
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find that the stretched horizon depends on non-vanishing concurrences of the 2-qubit systems
inside ABC, see Section 6.
CAB = 2|q0p1| 6= 0 , (5.8)
CBC = 2|q0p2| 6= 0 , (5.9)
CAC = 2|p1p2| 6= 0 . (5.10)
and
SA = C2AB + C2AC = (p1)2
(
(q0)
2 + (p2)2
)
, (5.11)
SB = C2AB + C2BC = (q0)2
(
(p1)2 + (p1)2
)
, (5.12)
SC = C2CB + C2AC = (p2)2
(
(q0)
2 + (p1)2
)
. (5.13)
Figure 8: The 2× 2× 2 matrix with all entries vanishing except for ψ111 = q0, ψ001 = −p1 and
ψ010 = −p2, corresponding to the charges q0, p1 and p2. The charges are always in opposite
corners of each of these 3 sides. This state describes the “small” black hole [24] with just 3
charges and with classically vanishing area of the horizon.
5.2 Non-vanishing 3-tangle and entropy, GHZ states; “large” black
holes
Here we have to satisfy the equations (2.12)-(2.14) with non-vanishing left hand side. Using
our cube pictures, we may immediately see that the configuration in Fig. 9 corresponds to a
class of GHZ states, where we pick up some set of black hole charges in the expression for the
non-vanishing entropy. For example, in the case of supersymmetric BPS black holes we may
have non-vanishing charges q0, p
1, p2, p3 with q0 p
1 p2 p3 > 0. We place them as shown in Fig.
2. This is the cube in Fig. 9. The corresponding quantum state is |Ψ〉 = −p1|001〉 − p2|010〉 −
p3100〉+q0|111〉. Now every side has two non-vanishing entries so that a concurrence associated
with each side is non-vanishing. More importantly, the entropy and the 3-tangle also do not
vanish,
S = π
√
|W (p, q)| = π
√
|Det ψ| = π
2
√
τABC = 2π
√
|q0 p1 p2 p3| . (5.14)
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Figure 9: The 2× 2 × 2 matrix with 4 non-vanishing charges, for example, q0, p1, p2, p3. This
is a case of the “large” BPS and non-BPS black holes (depending on the sign of the product of
these four charges) with just 4 charges and with classically nonvanishing area of the horizon.
It belongs to the GHZ class of states, which may describe either BPS or non-BPS black holes.
If however, q0p
1p2p3 < 0, this will be related to an extremal non-supersymmetric non-BPS
black hole with 4 charges, [28], [29]. This is in general the case when W < 0 [31].
By using transformations preserving τABC = |Det ψ| (but not necessarily the sign of Det ψ)
one can always transform a state |Ψ〉 = −p1|001〉 − p2|010〉 − p3100〉 + q0|111〉 to a canonical
GHZ state describing only one electric and one magnetic charge in the same gauge group, say
p˜0 and q˜0: |Ψ〉 = p˜0|000〉+ q˜0|111〉, see Fig. 10. The two charges corresponding to a canonical
GHZ state are always at the opposite corners of the cube. One can easily check that for the
canonical GHZ states, Fig. 10, the Cayley’s hyperdeterminant Det ψ is always positive and W
is always negative, which corresponds to non-supersymmetric non-BPS black holes.
Figure 10: The 2 × 2 × 2 matrix with all entries vanishing, but two on the opposite diagonal
of the cub. This is a case of the “large” non-BPS black hole with just 2 charges (in one gauge
group, like p0 and q0) and with classically nonvanishing area of the horizon. It corresponds to
the canonical GHZ state describing non-BPS black holes.
Thus all extremal BPS and non-BPS black holes with non-vanishing entropy, i.e. all “usual,”
or “large” black holes, belong to the GHZ class of states of the ABC system, which is described
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by the lowest line in Table 1. However, the theory of stringy black holes requires a more detailed
classification than the standard 3-qubit classification provided by Table 1. One encounters two
inequivalent subclasses of GHZ states with respect to supersymmetry. The canonical GHZ
states, Fig. 10 always correspond to non-supersymmetric non-BPS black holes. Meanwhile
the GHZ states described by Fig. 9 have the same 3-tangle (i.e. the same |Det ψ|), but the
sign of Det a may be either positive or negative. The states with Det ψ > 0 correspond to
non-supersymmetric non-BPS black holes, whereas the states with Det ψ < 0 correspond to
supersymmetric BPS black holes.
6 Entropy of “small” black holes, the norm and 2-tangles
in ABC systems
One of the goals of our paper was to obtain a better understanding of the intriguing relation
between the entropy of the extreme BPS STU black holes and the 3-tangle discovered by Duff
[10]. In this paper we extended his analysis for the axion-dilaton black holes and for the non-
BPS STU black holes, and developed a new set of tools for investigation and classification of
black holes, which have their counterparts in the theory of quantum information. Now we may
apply our tools to the so-called extremal “small” black holes, which have a singular horizon with
vanishing area and zero entropy at the classical level, but may acquire nonvanishing entropy
and the area of horizon due to quantum corrections.
Let us first consider completely separable states such as a state with a single charge q0
shown in Fig. 5. The corresponding “small” black holes with just one charge (e. g. number
of D0 branes) were studied in [25]. The value of the entropy due to R4 corrections in the limit
q0 ≫ 1 was found to be
SBH = πK
√
2
3
|q0| , (6.1)
where K is some number. This entropy is also proportional to the area of the stretched hori-
zon. As emphasized in [25], in order to verify this result one may need to check higher order
corrections in R. If Eq. (6.1) is valid, one can represent it in the form that does not depend
on the choice of a single charge qΛ or p
Λ:
SBH = K
√
2
3
|Ψ| , (6.2)
where |Ψ| is the norm of the state defined in eq. (2.19). One can interpret this result as a
consequence of the quantum stretching of the horizon conjectured by Susskind and Sen [35]. The
classification in Table 1 does not attach any invariant concept to completely separable states,
simply because in the quantum information theory all of these states are equally normalized:
|Ψ| = 1. Meanwhile the entropy of the black holes is proportional to the square root of the wave
function with a “stretched” norm |Ψ| = |q0| 6= 1 (2.19). Thus we arrive at a simple intuitive
interpretation: the stretching of the horizon of black holes with a single charge is related to the
stretching of the norm of this state |Ψ|.
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Now let us consider the bipartite case characterized by the charges q0, p
1, numbers of D0
and D4 branes. In this case, the entropy with account of quantum corrections calculated in
supergravity is given by
Squant = 4π
√
|q0p1| . (6.3)
This entropy was calculated in [23] by counting the number of microstates of string theory for
q0 ≫ p1 ≫ 1. By comparing this answer with Fig. 7, one can see that the only parameter
available in the classical cube is precisely the non-vanishing concurrence, C = 2|q0p1|, so we
have the following interpretation of this result:
Squant = π
√
C . (6.4)
The radius of the stretched horizon rh and the area of the horizon of the “small” black holes
Aquant = 2Squant were calculated in [24]. Now we see that they have the following interpretation
in terms of the concurrence of the 2-cubit state inside a 3-qubit state in quantum information
theory:
Aquant = 4πr
2
h = 2π
√
C . (6.5)
It is amazing that the quantum corrected area of the horizon and entropy are related to the
only non-vanishing concurrence for the case of the bipartite state q0, p
1. One may wonder how
quantum corrections in string theory could know about the concurrences in 3-qubit systems? Is
it just another coincidence or simply a consequence of the underlying symmetry of the theory?
Now let us make another step and discuss the entropy and the area of the horizon of the
black holes in the bipartite or W-state with non-vanishing q0, p
1, p2 charges. At the classical
level, such black holes have a vanishing singular horizon with null singularity and zero entropy.
Meanwhile quantum effects give the entropy [24]
Squant = 4π
√
|q0(p1 + p2)| = Aquant
2
. (6.6)
These calculations, and the semi-classical approximation in general, require the condition that
q0 ≫ p1, p2 ≫ 1. In such case the term p1p2, which is naturally expected from the cube picture,
may be missing simply because it is supposed to be much smaller than the other two terms.
In the limit q0 ≫ p1, p2 ≫ 1 one can describe all results concerning the entropy of “large”
and “small” black holes in the bipartite or W-state by one simple equation preserving the
symmetries of the system:
Stotal =
π
2
√
τABC +
4 c2
3
(CAB + CBC + CCA) . (6.7)
Here c2 is the second Chern class coefficient of the compactified manifold; in the example of K3
manifold c2 = 24. Interestingly, CAB + CBC + CCA is equal to a half of the total area of a box
with sides |q0|, |p1| and |p2|. The total entropy has two contributions, τABC , which is quartic in
charges, and 4 c2
3
(CAB + CBC + CCA), which is quadratic in charges. Therefore for “large” black
holes this expression in the leading approximation agrees with the result obtained in [12] and
coincides with the result obtained by counting of states in string theory [20] and in supergravity
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with R2 corrections [34] under the condition that q0 ≫ p1, p2 ≫ 1. For “small” black holes the
classical entropy vanishes, τABC = 0, and the microscopic entropy calculated in string theory
[23, 24] is reproduced correctly by Eq. (6.7) in the approximation q0 ≫ p1, p2 ≫ 1:
Ssmall =
Asmall
2
= π
√
c2
3
(CAB + CBC + CCA) . (6.8)
One may go one step further and consider the “small” 1-charge black holes [25]. The
modified entropy formula, under the conditions specified above, can be written as follows:
Stotal =
π
2
√
τABC +
4 c2
3
(CAB + CBC + CCA) + 8K
2
3
|Ψ| . (6.9)
Here |Ψ| =√〈Ψ|Ψ〉 is the norm of the wave function.
One can understand this equation as follows. For completely separable states with only one
nonzero charge, this equation is reduced to Eqs. (6.2), (6.1). For the bipartite and W-states
at large values of charges, the concurrences are much greater than |Ψ|, and equation is reduced
to (6.7), which is equivalent to equation (6.6) in the region of its applicability. Finally, for the
GHZ states the 3-tangle is much greater than the concurrences, and we return to the equation
S = pi
2
√
τABC .
One may think that if eq. (6.9) is correct beyond just representing various known cases,
in more general situation it may be a prediction of certain sub-leading corrections. Are these
corrections large enough to be measured in gravity with account of string corrections, higher
order curvature corrections in supergravity? The relevant results on subleading corrections to
the entropy of black holes with the classically finite horizon area were derived in [34] and may
be related to eq. (6.9). One can also try to relate it to the black holes studied with the tools
of topological string theory in [32].
7 E7(7) quartic invariant and Cayley’s hyperdeterminant
In the previous investigation we mostly discussed axion-dilaton black holes and STU black
holes. This covers a very broad class of extreme stringy black hole solutions. The STU black
holes are described by 8 parameters and the classical entropy of these black holes is given by a
square root of the absolute value of the Cayley’s hyperdeterminant.
Now we are going to significantly generalize our results. The most general class of black
holes in N=8 supergravity/M-theory is defined by 56 charges, and the entropy formula is given
by the square root of the quartic Cartan-Cremmer-Julia E7(7) invariant [26], [41]-[47],
S = π
√
|J4| , (7.1)
where the Cartan-Cremmer-Julia form of the invariant [42] depends on the central charge matrix
Z,
J4 = +Tr(ZZ¯)
2 − 1
4
(Tr ZZ¯)2 + 4(Pf Z + Pf Z¯ ) , (7.2)
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and the Cartan form [41] depends on the quantized charge matrix (x, y)
J4 = −Tr( x y)2 + 14(Tr x y)2 − 4(Pf x+ Pf y ) . (7.3)
Here
ZAB = − 1
4
√
2
(xab + iyab)(Γ
ab)AB (7.4)
is the central charge matrix and
xab + iyab = −
√
2
4
ZAB(Γ
AB)ab (7.5)
is a matrix of the quantized charges related to some numbers of branes. The exact relation
between the Cartan invariant in eq. (7.3) and Cremmer-Julia invariant [42] in eq. (7.2) has
been established in [44].
The matrices of SO(8) algebra are (Γab)AB where (a b) are the 8 vector indices and (A,B)
are the 8 spinor indices. The (Γab)AB matrices can be considered also as (Γ
AB)ab matrices due
to equivalence of the vector and spinor representations of the SO(8) Lie algebra. The central
charge matrix ZAB can be brought to the canonical basis for the skew-symmetric matrix using
an SU(8) transformation. The eigenvalues zi, i = 1, 2, 3, 4 are complex. In this way the content
of a theory is reduced from 56 entries to 8.
Relation between the entropy of stringy black holes and the Cartan-Cremmer-Julia E7(7)
invariant was established 10 years ago [26]. The stringy solutions in N = 4 theory characterized
by 5 parameters were first found in [39]. Since that time many new black hole solutions have
been found. In a systematic treatment in [45] in the context of the eigenvalues of the central
charge matrix of N = 8 theory the meaning of these 5 parameters was clarified: zi = ρie
iφ, from
4 complex values of zi = ρie
iφi one can remove 3 phases by an SU(8) rotation, but the overall
phase cannot be removed. Therefore a 5-parameter solution is called a generating solution for
other black holes in N=8 supergravity/M-theory. Expression for their entropy is always given
by S = π
√|J4| for some subset of 5 of the 8 parameters mentioned above. Recently a new
class of solutions was discovered, describing black rings. The maximal number of parameters
for the known solutions is 7. The entropy of black ring solutions found so far was identified
in [46] with the expression for π
√|J4| for a subset of 7 out of 8 parameters mentioned above.
That is why it would be most interesting to establish a possible relation between the general
black hole/black ring entropy equation S = π
√
|J4| in N = 8 supergravity/M-theory and some
of the constructions of the theory of quantum information.
One could expect that this relation, if possible at all, may be quite involved and may require
investigation of more complicated constructions, such as n-tangles for n > 3. However, we have
found that this relation again involves only 3-tangles.
To find this relation, let us note that in x, y basis only SO(8) symmetry is manifest, which
means that every term in eq. (7.3) is invariant only under SO(8) symmetry. However, is was
proved in [41] and [42] that the sum of all terms in eq. (7.3) is invariant under the full SU(8)
symmetry, which acts as follows
δ(xab ± iyab) = (2Λ[a[cδb]d] ± iΣabcd)(xcd ∓ iycd) . (7.6)
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The total number of parameters is 63, where 28 are from the manifest SO(8) and 35 from
the antisymmetric self-dual Σabcd =
∗Σabcd. Thus one can use the SU(8) transformation of the
complex matrix xab + iyab and bring it to the canonical form with some complex eigenvalues
λI , I = 1, 2, 3, 4. The value of the quartic invariant (7.3) will not change.
(xab + iyab)can =


0 λ1 0 0 0 0 0 0
−λ1 0 0 0 0 0 0 0
0 0 0 λ2 0 0 0 0
0 0 −λ2 0 0 0 0 0
0 0 0 0 0 λ3 0 0
0 0 0 0 −λ3 0 0 0
0 0 0 0 0 0 0 λ4
0 0 0 0 0 0 −λ4 0


(7.7)
One can easily check that the Cartan-Cremmer-Julia quartic invariant J4 depending on 4 com-
plex eigenvalues λI can be represented as a Cayley’s hyperdeterminant of a matrix ψijk
J4(λ) = −Det ψ , (7.8)
where the relation between the complex coefficients λi, the parameters xij and y
kl, the matrix
ψijk and the black hole charges p
i and qk is given by the following dictionary:
λ1 = x12 + iy
12 = a111 + ia000 = q0 + ip
0
λ2 = x34 + iy
34 = a001 + ia110 = −p1 + iq1
λ3 = x56 + iy
56 = a010 + ia101 = −p2 + iq2
λ4 = x78 + iy
78 = a100 + ia011 = −p3 + iq3 (7.9)
The simplest way to prove it is to write the quartic E7(7) Cartan invariant in the canonical
basis (xij , y
ij), i, j = 1, ..., 8:
J4 = −(x12y12 + x34y34 + x56y56 + x78y78)2 − 4(x12x34x56x78 + y12y34y56y78)
+4(x12x34y
12y34 + x12x56y
12y56 + x34x56y
34y56 + x12x78y
12y78 + x34x78y
34y78
+x56x78y
56y78) . (7.10)
Then one should compare it to the Cayley’s hyperdeterminant (2.8) using the dictionary (7.9)
given above, or an equivalent dictionary in the form similar to the one used in Section 3.2, Eq.
(3.5):
ABC


a000
a001
a010
a100
a111
a110
a101
a011


=
STU Black Hole


p0
−p1
−p2
−p3
q0
q1
q2
q3


=
N = 8 Black Hole


y12
x34
x56
x78
x12
y34
y56
y78


(7.11)
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Our results imply that the entropy of the most general extremal BPS and non-BPS black
hole and black ring solutions in N = 8 supergravity can be brought to a canonical basis where
it depends only on 8 charges and can be represented by the same compact expression (3.14) as
in the theory of STU black holes and as a 3-tangle in a 3-qubit system:
S(BH,BR) = π
√
|J4(λ)| = π
√
|Det ψ| = π
√
|W (p, q)| = π
2
√
τABC . (7.12)
The quartic invariant of the E7(7) J4 is related to the octonionic Jordan algebra J
O
3 , see [47].
It is therefore natural, in view of our result (7.12), to expect that the 3-qubit system can be
described by octonions, which was indeed shown in [48].
8 Conclusions
Our work, following the recent work by Duff [10], demonstrated a lot of intriguing connections
between extremal black holes and the ABC system in the quantum information theory. The
new approach to the theory of stringy black holes may help us with the black hole and black
ring classification and with interpretation of our results in terms of general quantum mechanical
systems. It may also help us to represent our results in a different form, which may allow our
intuition to grow in a previously unexpected way. In this paper we found that the entropy of
the axion-dilaton extremal black hole is related to the concurrence of a 2-qubit state, whereas
the entropy of the STU black holes, even if they are not BPS black holes, is related to the
3-tangle of a 3-qubit state. We identified usual black holes with the maximally entangled GHZ-
class of states, and “small” black holes with either separable, or bipartite entangled states or
W-class of states. We established a certain relation between 3-qubit states, twistors and black
holes. We found an expression for entropy and the area of the horizon of “small” black holes in
terms of the concurrence of the 2-cubit states inside a 3-qubit state and its norm. Finally, we
extended the previous results to the most general extremal BPS and non-BPS black hole and
black ring solutions in N = 8 supergravity/M-theory. To our own surprise, we have found that
the expression for the entropy of these solutions in terms of the quartic E7(7) Cartan invariant
[26] in eq. (7.3) can be represented by the same compact expression in terms of the Cayley’s
hyperdeterminant (2.8) as a 3-tangle (2.9) and the entropy of STU black holes (3.14).
Our work was devoted to the implications of the quantum information theory to the theory
of black holes. Even if some of these results eventually will be interpreted as coincidental, we
may still appreciate the theory of quantum information for its heuristic potential, which allowed
us to look at the theory of stringy black holes from a completely different perspective. However,
we do not think that this is a one-way road. It is quite plausible that the enormous amount
of highly nontrivial results obtained in the quantum theory of stringy black holes may lead to
new insights in the theory of quantum information. We hope therefore that the parallel study
of both sides of the story may be quite fruitful.
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Note added
Recently a paper by Levay [49] appeared where two important developments were made.
First, it was shown that a pure three-qubit state is real under certain conditions. Note that
in general in QIT the wave function is complex, and the system has a [SL(2,C)]3 symmetry,
whereas for black holes we have only [SL(2,Z)]3 and the relevant “wave function” is real.
Interestingly, two different conditions for reality found in [49] correspond to either BPS or non-
BPS black holes. Secondly, it was established there that what in string theory is known as a
stabilization of moduli near the black hole horizon in QIT is known as a procedure of finding
the optimal local distillation protocol of a GHZ state from an arbitrary three-qubit state. Both
statements suggest that indeed it may be useful to study both sides of the story.
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